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Applications

» Modeling: Linear, Additive, Graphical models...

- Bayesian Analysis: Sparse priors, Hierarchical models...

« Causal Inference: DAGs, Linear SEMs...
« Other: Neural Networks...

« Efficient Algorithms: VI, EM, ADMM....
« HPC: Parallel computing, GPU acceleration...
«Pi ing Language optimizati

C/C++ as core, R/Python as wrapper...

« Estimation: Gene co-expression networks, DAGs...
« Prediction: Copy Number Variation of tumor...

« Inference: Mediation Effect analysis of Perturb Seq...

« Other: Multi-task Learning...
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Progress in publication

Ge C and Li H (2025): Simultaneous Estimation of Many Sparse
Networks via Hierarchical Poisson Log-Normal Model. Journal of
Computational and Graphical Statistics, revision submitted.
https://arxiv.org/abs/2409.12275
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Single-cell gene expression networks

Gene Co-expression .
o ;

3

u a 2

s

Gene Regulation 6
7

o006 o o C
10

12

TN 13
o o b
o 15

16

Figure: By Smh.oloomi, CC BY-SA 4.0 @ 8¢

YDL220W ~ YDL204W ~ YDLI9SC ~ YDLIO2W  YDLIOIW

o - o ko rwnoOSoOoNoO
2N oo @ e e W A

A uNE N e

: Single-cell RNA raw read counts

6/44



Poisson Log-Normal model

> ygk) = (yflk), 7)/5:)) € NP is the read counts of p genes for the i-th
cell in the k-th group
> (k) = (z(lk), e (k))T € R9 represents the d-dimensional covariates

> the offset o( = = (0 K ,oglf))T € RP represents the library sizes
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Poisson Log-Normal model
> ygk) = (yfnlk)7 7)/5:)) € NP is the read counts of p genes for the i-th
cell in the k-th group

O CINON

o T € RY represents the d-dimensional covariates

v

the offset o( ) = = (0 S ,oglf))T € RRP represents the library sizes
» Poisson Log-Normal model:

X ~ N, (@),
yfj) ~ Pois exp(X( k)

A = ol 4 B0 A is the mean vector with coefficient

(k) = (ﬁg")7 e ,ﬂ,gk))T € RP*4 and Q¥ s the sparse precision matrix.
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Multi-task Learning of Many Networks
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Figure: Illustration of multi-task Learning in biology studies (Lin et al., 2023)

Examples:

Different individuals with individual-specific networks;
Single cell networks under different growth conditions;
Networks of cells of different cell types;

Single cell data of different tissues.
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Bayesian Multi-task Learning of Networks

» The hierarchical prior for the (i, j)-th element

(i # j) of the precision matrix in group k has @_

the form of:

1 - exp Q() % if v =1,
P g) = { A

2v0 exp( f|Q( |/v0 if v;j =0,

where ~y;; ~ Bern(pp), vi > v > 0 ensures the
model is well-defined.
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representation of the SPLN
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Variational EM Algorithm: Overview

» The posterior

kyi j=1

P(%2, Bly) < P(2) ]| / (H exp(y X — exp()éf’))) N AP, (@9) T dx

is intractable.
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Variational EM Algorithm: Overview
» The posterior
P(Q, Bly) o P(2) H / (Hexp X exp(><§f>)>)'N(XW;AS“,(n(”)1)dXE”

is intractable.
» EM algorithm: computing

Q. BIN"Y, B0Y) = Ex 1 s .00 g0, log (82, Bly, X, T)
= Ex pop([y.00-0 p0.0) log P(y, XIQ, B)P(QT) +

where

log P(y, X|Q2, B) = ZIogP(WW P(xW [, g).
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Variational EM Algorithm: E step

» Therefore, the @ function can be derived as (up to a constant):

K
Q. B2, B°) =D By a0 e g log P(X 2, 8)
k=1

+ ]EFN]P(_‘Q(-,[)) Iog P(Q|F).
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Variational EM Algorithm: E step
» Therefore, the @ function can be derived as (up to a constant):

K
Q. B2, B°) =D By a0 e g log P(X 2, 8)
k=1

+ EI‘NP(-\Q('v‘)) Iog P(Q|F).

» However, this Q function still lacks an explicit form, because the
normalizing constant has the expression of

p X
Py, gd) = / [T Pois(y42; exp(—e))-MX; A9, (29)~1)ax(,

j=1

which includes an Exponential integral (Ei) that is not an elementary
function.
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Variational EM Algorithm: Variational step

» We adopt a variational approximation of X:

K ng
PV’_{ HHHN U’U’U())}'

k=1 i=1 j=1
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Variational EM Algorithm: Variational step

» We adopt a variational approximation of X:

K ng

Pu = HHHN U’ U’ U())

k=1 i=1 j=1

» The variational posterior of X is defined as

NG9 .= argmin  Dyr (P(X)||P(X]y, @00, 30-9)),

PEPv

where Dy (+||-) is the KL divergence.
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Variational EM Algorithm: E and M step

» Replacing the posterior P(X(¥|yk) Q.8 3(k8) in (11) by its variational
surrogate M%) we can derive an approximation of Q function:

K
Q(, 810", 1Y) =3 "y s log P(XP|QW, 8%) + Er_p 0.0, log P(QIT),

k=1 v
prior
likelihood
where
Nk
Iog (X[, 39) = X 1og [209] — 25" (X — AP QX — A¥).

13/ 44



Variational EM Algorithm: E and M step

» Replacing the posterior P(X(¥|yk) Q.8 3(k8) in (11) by its variational
surrogate M%) we can derive an approximation of Q function:

K
Q(, 810", 1Y) =3 "y s log P(XP|QW, 8%) + Er_p 0.0, log P(QIT),

k=1 q
prior
likelihood
where
Nk
Iog (X[, 39) = X 1og [209] — 25" (X — AP QX — A¥).

i=1

> The M-step of the above variational EM algorithm solves
(R0, BOH1) = arg max (g ) Q(2, 8209, B19).
This process is repeated until convergence.
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Solve VEM: E step

» The conditional posterior for 7j; can be calculated as:

K
. 1—po, vik 1 1 Kt
Py =10 =1/ 1+ —2(D)exp | -(= — = Qtkd .
=100 =1/ (14 1B yep (- D194
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Solve VEM: E step

» The conditional posterior for 7j; can be calculated as:

K
. 1—po, vik 1 1 Kt
Py =120 =1/ 1+ —2(D)fexp | -(= — = Qtkd .
=100 =1/ (14 1B yep (- D194

» Denoting this probability as p;(Q2(*)), the prior term is given by:

(Ot (Ot p

Ppi(£2 1— pi(©2 1

EmwwwwmmZZ(A ) 1o ))W+ng
i=1

V; W
i<j 1 0

which is a weighted graphical lasso penalty.
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Solve VEM: Variational step

» Defining u() (e flk),/if-z),' aﬂfk))T and
0',.2(") = (0’_21( ),0,22(’(), ceey ,-2p(k))T, the target function in (12) is:

Di(P(X)|[P(Xly, 29, ”))—ZZDMPMHMW 9, Q0 glkay),

k=1 i=1

where

D (PO B 0, 9, 00)) = 2 () — X9y () — X9

2(k)
1 p lo M
KT (K 2(K) (ks K 2(K
- y§ hu? )+ 3 E (O’U( )Qj(-j 0y 2exp(u§j) + UT) — Ioga,.j( )) .
i—1
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Solve VEM: ADMM

(k) (k)

» Solving 0',-2 is straightforward but solving ;" is not.

(k;t)

» The optimization problem for the variational mean vector p; "~ can be

reformulated as

P
, (k) (kD) R (k1)
min £ (p, @50, N )+J§:1 Go(pmy vy o)

subject to pun = pp,

where )
51(/% Q, >‘) = 5(“’ - )‘)Tﬂ(p‘ - >‘)a
and

0_2
O, y,0%) = —py + exp (u + 2) :
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Solve VEM: ADMM

» The ADMM algorithm finds a global minimum by optimizing the
augmented Lagrangian

9 (pan, ) + o7 (s = paaa) + 5w — pen P,

with respect to py, pay and « in a coordinate-wise manner.
» Algorithm:

2:  for j=1topdo

3:
& : k) 2(k,t— D 5
52 = g {9250 + oo )+ B 7}

M
4:  end for
5. Update

" 1 " R

B = (000 4 o1) " (o + ol 1 RO,

6:  Update

al) = 1) (HE‘?U _ u%“)) .
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Parallel Computing

» Within each sample, the updates of @cython. boundscheck (False)
) i—1 2 o dO not @cython.wraparound(False)
%LAJJ7 J 7 71) def update_py_par(double[:, :] mu, double[:, :] y
interfere. cdef int p = y.shapel[1]

cdef int n = y.shape[0]
cdef Py_ssize_t i

if threads ==
for i in prange(n, nogil=True):
update_mu(&muli,0], &yl[i,0], &sigmali
for i in prange(n, nogil=True):
update_sigma(&sigmali, @], &Omegal0,0]

Figure: Cython code for parallel
computing
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Parallel Computing

» Within each sample, the updates of
ptnvj, j=1,2,...,pdo not
interfere.

» Similarto 07, j=1,2,...,p.

@cython.boundscheck(False)
@cython.wraparound(False)
def update_py_par(double[:, :] mu, doublel:, :]y
cdef int p = y.shapel[1]
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update_sigma(&sigmali, @], &Omegal0,0]

Figure: Cython code for parallel
computing
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Parallel Computing

» Within each sample, the updates of
ptnvj, j=1,2,...,pdo not
interfere.

» Similar to 07, j=1,2,...,p.

» Different samples within a group
are independent.

@cython.boundscheck(False)
@cython.wraparound(False)
def update_py_par(double[:, :] mu, doublel:, :]y
cdef int p = y.shapel[1]
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Parallel Computing

Within each sample, the updates of
ptnvj, j=1,2,...,pdo not
interfere.

Similar to 0, j=1,2,...,p.
Different samples within a group
are independent.

K precision matrices only share the
penalty matrix P.

@cython.boundscheck(False)
@cython.wraparound(False)
def update_py_par(double[:, :] mu, doublel:, :]y
cdef int p = y.shapel[1]
cdef int n = y.shape[0]
cdef Py_ssize_t i

if threads ==
for i in prange(n, nogil=True):
update_mu(&muli,0], &yl[i,0], &sigmali
for i in prange(n, nogil=True):
update_sigma(&sigmali, @], &Omegal0,0]

Figure: Cython code for parallel
computing
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Simulation Study (Existing Methods)
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Simulation Study (Separate Estimation)
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Simulation Study

True precision matrix
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Simulation Study (Running Time)
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Yeast Single-cell Data Analysis

» p =612 genes across K = 11 different growth conditions, a total of

38,285 cells (Jackson et al., 2020)
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Figure: Gene co-expression network estimation of Yeast gene expression data

under AmmoniumSulfate condition.
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Yeast Single-cell Data Analysis

Condition: YPDRapa Condition: MinimalEtOH
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Figure: Precision matrix extimation of Yeast gene expression data under two
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T-cells in Patients with Ulcerative Colitis (SPLN)

» K= 13 inflamed and K = 13 non-inflamed colon tissues, p =368 genes
(Smillie et al., 2019)

25/44
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Progress in publication

Ge C, He X, Zhang L and Li H (2025): RCANE: A Deep Learning
Algorithm for Whole-genome Pan-Cancer Somatic Copy Number
Aberration Prediction using RNA-seq Data. Communications Biology, in
revision.

https://www.biorxiv.org/content,/10.1101/2024.11.03.621681v1.full
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Copy Number Variation in Cancer Tissues

» Copy number variation (CNV) is a
phenomenon in which sections of
the genome are repeated and the
number of repeats in the genome
varies between individuals.

» CNV involves large-scale genomic
alterations that drive tumorigenesis
and cancer progression by affecting
gene dosage and altering the
expression of oncogenes and tumor
suppressor genes.

i d

Duplicated area

Before
duplication

After
duplication

Figure: lllustration of Copy Number
Duplication

Data sets: 11,000 TCGA samples of 33 cancer types and 410 DepMap
cell lines, with both RNA-seq data and SNP-array-based log> R data

(copy number intensity).
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Neural Network Architecture
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TCGA Results on Testing Samples - All genes/segments

» 33 cancer types, 30,096 transcripts, 1,514 segments, 2,226 testing
samples (Weinstein et al., 2013)
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Figure: F1 score of TCGA data for each cancer type
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TCGA Results on Testing Samples - All genes/segments
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Figure: MCC and whole-genome prediction results of TCGA data
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TCGA Results - int

erpretability

a 038 b Chr3 184174689-185052614
0.08
<
s
% o Eo\ 0.06
£ =1 T
8 025 S =
3
5 3 T 0.04
a £
5
&
0.02
0.15 0.00
0.00 0.05 0.10 0.15 0.20 Y\ "7 g 23 g '1« 5
s‘re 3 (& P > O Y O @2 O B> D P
q~ j@ hx’b(,‘v%q’L(/ q,\\xﬁ ,Le@
model weight > S w 1
9 S R ‘\
c POLR2H ABCF3 VPS8 AP2M1 ALG3 PSMD2
e
g
<} Y e S oot K a0 "= 053 =061 061
8 e .47 x10247 s b5 x1014 355 410 x10°80 p £ 8290 x10-160 =343 x102 =427 x10-2
>
E AC107294.3 THPO VWAS5B2 AC107294.1 LINC02069 LINC02054
2
E A
= 2
= 3 .
i ST ..
-0.02 N =-0.08 =010 =012 =001
p=adsx10- p= 22010 po300x10° [ pozszxa0® || p=773x0"

MRNA Expression (log2 ratio)

Figure: Model weights in RCANE capture CNA-RNA correlations

33/44



Table of Contents

Future projects - Statistical and Computational Methods for Perturb Seq
Data

34/44



Statistical Methods for Perturb-Seq Data

(1) Pooled CRISPR screens | (2) Single cell RNA-Seq of
barcoded droplets
(3) Next-Gen sequencing of library

M.'
P |
|
—_— 3

Sensitivity

Perturbations, Increasing

number of cells
[COFOXO)
Regulatory inference Epistasis Power
from perturbations decomposition analysis

Figure: Perturb-seq data (Replogle et al., 2022)
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Perturb-Seq Data

1 adata.
0.0s

1 adata.obs.gene
0.0s

cell_barcode

AAACCCAAGAAACTAC-53 MRPS31
AAACCCAAGAAGCCAC-51 LRRC37A3
AAACCCAAGAAGCGAA-32 SRCAP
AAACCCAAGAATACAC-44 WBP1
AAACCCAAGAATCGAT-43 RRP12

array([[
[

TTTGTTGTCTGCACCT-44 MAX

TTTGTTGTCTGGGCAC-32 ATP6VOC .

TTTGTTGTCTGTCCCA-37 MLST8 Flgure: RaW read counts
TTTGTTGTCTTGGTCC-17 CDK6

TTTGTTGTCTTTCCGG-22 non-targeting

Name: gene, Length: 247914, dtyp: category

Categories (2394, object ['AAAS', 'AAMP',

Figure: Interfered genes of each cell
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Causal Inference and DAGs
» Linear SEM for observational data:
X< XW +e, (1)

where W € D C RP*P, D is the set of weighted adjacency matrices on p
nodes whose support is a directed acyclic graph (DAG).
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Causal Inference and DAGs
» Linear SEM for observational data:
X< XW +e, (1)

where W € D C RP*P, D is the set of weighted adjacency matrices on p
nodes whose support is a directed acyclic graph (DAG).

» Low multiplicity of infection (MOI, Barry et al. (2024)):
X9 — XOWH LW k=01,---  p, (2)

where X(K) € R™*P represents ny observations of X when the k-th
variable is intervened,

Ww._ )Wy j#Fk
W ._{O’ i ®)
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Causal Inference and DAGs

Definition (d-separation, Nandy et al. (2018))

Let S be a subset of nodes in a DAG #H, where S does not contain X; and
Xk. Then S blocks a path 74 (Xj, ..., Xk) if at least one of the following
holds: (i) w3 contains a noncollider that is in S, or (ii) 7y contains a
collider that has no descendant in S. Otherwise 74 is open given S. For
pairwise disjoint sets of nodes Wi, W, and S, we say that W, and W,
are d-separated by S if every path between a node in Wi and W, is
blocked by S. This is denoted by W; 13, W5|S. Otherwise, Wi and W,
are d-connected given S in H, denoted by Wy f4; W5|S.

Figure: r blocks x and s. Figure: p does NOT block s and w.

x—-(i)——s- §——1
w

U
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Causal Inference and DAGs

» The causal DAG is typically not identifiable from observational data
from the distribution of X.
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Causal Inference and DAGs

» The causal DAG is typically not identifiable from observational data
from the distribution of X.

» Several DAGs can encode the same conditional independence
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A Markov equivalence class of DAGs can be uniquely represented by a
completed partially directed acyclic graph (CPDAG).

A CPDAG satisfies: X; — Xj in the CPDAG if X; — Xj in every DAG in
the Markov equivalence class, and X; — X; in the CPDAG if the Markov
equivalence class contains a DAG for which X; — X; as well as a DAG
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The causal DAG is typically not identifiable from observational data
from the distribution of X.

Several DAGs can encode the same conditional independence
relationships, and such DAGs form a Markov equivalence class.

A Markov equivalence class of DAGs can be uniquely represented by a
completed partially directed acyclic graph (CPDAG).

A CPDAG satisfies: X; — Xj in the CPDAG if X; — Xj in every DAG in
the Markov equivalence class, and X; — X; in the CPDAG if the Markov

equivalence class contains a DAG for which X; — X; as well as a DAG
for which X; < X;.

Question: How to extend these methods for Poisson count data and can
we reduce CPDAGs given perturb-seq interventional data?
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Problem: Estimating DAGs with Poisson count data
» Reall the PLN model:
x9 Normal,

/ (4)
W ~ Pois(exp(X{Y)),
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Problem: Estimating DAGs with Poisson count data
» Reall the PLN model:

ng) ~ Normal,
(

(4)
¥y ~ Pois(exp(X{)),
» In the LSEMs:
X0 XOWO 4 W k01 p (5)
> dotears (Xue et al., 2025) algorithm:
2
! ©) DR §— 3
mv{/n 2nk H (X( - X! ) 0 F+ AW (6)

s.t. h(VV) = trfexp(Wo W)] — p=0.
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